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Canonical gravity in real Ashtekar–Barbero variables is generalized to allow for fermionic matter.
The resulting torsion changes several expressions in Holst’s original vacuum analysis, which are
summarized here. This in turn requires adaptations to the known loop quantization of gravity
coupled to fermions, which is discussed on the basis of the classical analysis. As a result, parity
invariance is not manifestly realized in loop quantum gravity.
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I. INTRODUCTION
When matter is considered coupled to classical or
quantum gravity, several important issues arise for
fermions. This is, e.g., related to the chirality and pos-
sible parity violation of spinors or the fact that they
contribute torsion to the space-time geometry. In loop
quantum gravity, fermions have been treated occasion-
ally but not yet, as detailed below, in a complete manner.
They are therefore revisited here especially with canoni-
cal quantization in mind.
The canonical formulation of general relativity in com-
plex Ashtekar variables [1] recasts gravity as a gauge the-
ory similar to Yang-Mills theory, which offered a new way
to a possible quantum theory of gravity. Although this
reformulation of gravity, expressed in Ashtekar variables
as a dynamical theory of complex-valued connections,
has the advantage of obtaining algebraically simple con-
straints, rather complicated reality conditions have to be
imposed on the basic canonical variables in order to re-
cover real, Lorentzian general relativity. Moreover, since
holonomies of the complex Ashtekar connections take val-
ues in the non-compact gauge group SL(2,C), this ap-
proach prevents one from taking advantage of much of
the available mathematical arsenal of gauge theory built
upon compact gauge groups. Therefore, real su(2) valued
Ashtekar-Barbero connections, that is, Aia = Γ
i
a + γK
i
a
(with the spin connection Γia, K
i
a being a 1-form derived
from extrinsic curvature and the Barbero–Immirzi pa-
rameter γ [2, 3] taking any non-zero real value), have
mainly been used for the passage to a quantum theory of
gravity.
Real variables were initially introduced by Barbero in
a purely canonical formalism [2] which left the relation of
the real connection to possible pull-backs or projections
of space-time objects unclear. Holst, motivated by this
issue, carried out an analysis in [4] to re-derive Barbero’s
canonical formulation from an action which generalizes
the ordinary Hilbert-Palatini action. In this paper, we
further generalize Holst’s analysis for pure gravity to al-
low for fermionic matter. In other words, we present the
Hamiltonian formulation of the Einstein–Cartan action,
which incorporates Holst’s action for the gravitational
part. This issue has been considered in the literature
several times, but the available discussions appear in-
complete. In addition to filling this gap in the classical
analysis, details of the canonical formulation whose re-
sults we summarize are crucial for a proper quantization
of gravity in the presence of fermions.
In particular, non-zero torsion arising from the cou-
pling of fermionic matter to gravity through the spin
connection requires an analysis in terms of more general
connections than used in Holst’s analysis, which inherit
torsion contributions. Our results for the given Einstein–
Cartan action, despite some resemblance to those in
[5, 6, 7], differ in several details. Moreover, we gener-
alize the canonical treatment to arbitrary non-minimal
coupling of fermions without any inconsistencies as they
occur in other approaches.
We summarize those derivations in a classical part in
this paper, which are important to see the role of parity.
These details will show us the crucial changes implied by
torsion for the general form of dynamics as well as parity
invariance, and thus also play a role for any quantization
based on a formulation in Ashtekar variables. Conse-
quences for a loop quantization and its dynamics, where
several ingredients depend on the form of connections
and the phase space structure, are thus described in the
second and main part of this paper. Necessary adapta-
tions to the loop quantization of gravity with fermions
are explored and presented with the conclusion that pre-
vious constructions go through but require non-trivial
changes. In particular, the form of basic variables used
in the quantum representation makes it difficult to prove
parity invariance of the quantum theory even if no par-
ity violating classical interactions are used. This leaves
open the potentially intriguing possibility that loop quan-
tum gravity may provide small parity breaking effects due
to the quantum space-time structure in the presence of
fermions and torsion.
2II. CANONICAL FORMULATION
For fermions, one can use a tetrad eIµ rather than a
space-time metric gµν , related by e
I
µe
I
ν = gµν , in order
to formulate an action with the appropriate covariant
derivative of fermions. This naturally leads one to a first-
order formalism of gravity in which the basic configura-
tion variables are a connection 1-form and the tetrad. In
vacuum the connection would, as a consequence of field
equations, be the torsion-free connection compatible with
the tetrad. In the presence of matter fields which couple
directly to the connection, such as fermions, this is no
longer the case and there is torsion [8]. For completeness
and to introduce the notation, we start by demonstrating
this well-known origin of torsion in the theory of gravity
non-minimally coupled to fermionic matter.
A. Einstein–Cartan Action
The basic configuration variables in a Lagrangian for-
mulation of fermionic field theory are the Dirac bi-spinor
Ψ = (ψ, η)T and its complex conjugate in Ψ = (Ψ∗)T γ0
with γα being the Minkowski signature Dirac matrices.
We note that ψ and η transform with density weight zero
and are spinors according to the fundamental represen-
tations of SL (2,C). Then the non-minimal coupling of
gravity to fermions can be expressed by the total action
composed of the gravitational contribution SG and the
matter contribution SF resulting from the fermion field:
S [e, ω,Ψ] = SG [e, ω] + SF [e, ω,Ψ] (1)
=
1
16πG
∫
M
d4x |e|eµI eνJP IJKLF KLµν (ω) +
1
2
i
∫
M
d4x |e|
[
ΨγIeµI
(
1− i
α
γ5
)
∇µΨ−∇µΨ
(
1− i
α
γ5
)
γIeµIΨ
]
,
where α ∈ R is the parameter for non-minimal coupling.
The α-dependent terms of this form have been introduced
in [5] to generalize results of [9, 10] (see also [11]), where
they played important (though indirect) roles in parity
properties [38]. Here I, J, . . . = 0, 1, 2, 3 denote the inter-
nal Lorentz indices and µ, ν, . . . = 0, 1, 2, 3 the respective
space-time indices. For simplicity, we ignore fermionic
mass terms or potentials as they do not provide further
complications.
The first term in (1) is the Holst action [4] of gravity
[39], eµI is the tetrad field, e is its determinant, and e
I
µ
its inverse. The Lorentz connection in this formulation
is denoted by ωIJµ and F
KL
µν (ω) = 2∂[µω
IJ
ν] + [ωµ, ων ]
IJ
is its curvature. In order to write the Holst action in a
compact form, we have used the following tensor and its
inverse
P IJKL = δ
[I
Kδ
J]
L −
1
γ
ǫIJKL
2
(2)
P−1IJ
KL
=
γ2
γ2 + 1
(
δ
[K
I δ
L]
J +
1
γ
ǫ KLIJ
2
)
where γ is again the Barbero–Immirzi parameter. Fi-
nally, the covariant derivative ∇µ of Dirac spinors is de-
fined by
∇µ ≡ ∂µ+ 1
4
ωIJµ γ[IγJ] , [∇µ,∇ν ] =
1
4
F IJµν γ[IγJ] (3)
in terms of Dirac matrices γI (which will always carry an
index such that no confusion with the Barbero–Immirzi
parameter should arise). Note that we are ignoring the
gauge connection required for describing an interaction
between charged fermions in the definition of the covari-
ant derivative (3). However, this analysis can easily be
generalized to incorporate such interactions.
Varying the action by ωIJµ produces equations
which can be solved for the torsion contribution in(
∇µ − ∇˜µ
)
VI = C
J
µI VJ where ∇˜µ is the covariant
derivative compatible with the tetrad:
eµICµJK = 2πG
γ
γ2 + 1
(
βǫIJKLJ
L − 2θηI[JJK]
)
(4)
where β := γ+1/α, θ := 1−γ/α. This contorsion tensor
depends on the Immirzi parameter γ unless α = γ. This
can then be inserted to produce an action of the form
S [e, ω,Ψ] = SG [e, ω˜] + SF [e, ω˜,Ψ] + Sint [e,Ψ]
=
1
2κ
∫
M
d4x |e|eµI eνJ F˜ IJµν (ω˜) +
1
2
i
∫
M
d4x |e|
(
ΨγIeµI ∇˜µΨ− ∇˜µΨγIeµIΨ
)
+
3κ
16
γ2
γ2 + 1
(
1
α2
− 2
αγ
− 1
)∫
M
d4x |e|(Ψγ5γLΨ)(Ψγ5γLΨ), (5)
3with a simple interaction term in addition to gravity and
fermion contributions of the torsion-free form.
Notice that the second term in the gravitational Holst
action containing γ and the term involving non-minimal
coupling α in the Dirac action are dropped from the
above effective action since both these terms can be ex-
pressed as boundary terms on-shell; see [4] for details
concerning the second term in Holst action. The non-
minimally coupled term in the Dirac action can be cast
as a boundary term after using ∇˜µ(eeµN) = 0 on solu-
tions:
1
2α
∫
M
d4x |e|
(
ΨγIeµI γ5∇˜µΨ− ∇˜µΨγ5γIeµIΨ
)
=
1
2α
∫
M
d4x |e|eµI
(
∂µ(Ψγ
Iγ5Ψ)− 1
4
ω˜MNµ Ψγ5
[
γI , γ[MγN ]
]
−
Ψ
)
(6)
=
1
2α
∫
M
d4x |e| (eµI (∂µJI) + ω˜MNµ eµMJN) = 12α
∫
M
d4x ∂µ(|e|eµI JI)
with the axial current JI = ΨγIγ5Ψ. In particular, as
we will discuss in more detail in Sec. III, the effective
action (5) is parity invariant for all real α. However, as
noted in [5], there is an indirect effect of parity because
not all torsion components transform as expected under
parity unless α = γ. We will also see this in the canonical
description in what follows, before discussing its signif-
icance in classical and quantum gravity. Moreover, for
α = γ the action becomes completely independent of
γ as noted in [5]. In this case, we have equations for
fermions minimally coupled to Einstein–Cartan gravity
rather than gravity described by the Holst action. This
case is also geometrically distinguished by topological in-
variance properties of boundary terms.
B. Canonical variables and second class constraints
To set up a Hamiltonian formalism, one foliates space-
time into spatial slices Σt: t = const determined by a
time function t. Instead of working with space-time ten-
sors, one uses spatial tensors which depend on t, sub-
ject to evolution equations along a time evolution vector
field tµ such that tµ∇µt = 1. Since we are using the
Lorentzian signature, the vector field tµ is required to be
future directed. Let us decompose tµ into normal and
tangential parts with respect to Σt by defining the lapse
function N and the shift vector Na as tµ = Nnµ + Nµ
with Nµnµ = 0, where n
µ is the future directed unit nor-
mal vector field to the hypersurfaces Σt. The space-time
metric gµν induces a spatial metric qµν by the formula
gµν = qµν−nµnν . Since contractions of qµν and Nµ with
the normal nµ vanish, they give rise to spatial tensors qab
and Na. Here, the lower case roman letters, a, b, c, . . . ,
are used to imply spatial tensorial indices.
Moreover, since we are using a tetrad formulation, in
addition to the above foliation of the space-time manifold
we perform a partial gauge fixing on the internal vector
fields of the tetrad to decompose it into an internal unit
time-like vector and a triad. Let us fix a constant internal
vector field nI = −δI,0 with nInI = −1. Now we allow
only those tetrads which are compatible with the fixed
nI in the sense that na := nIeaI must be the unit normal
to the given foliation. This implies that eaI = EaI − nanI
with EaI na = EaI nI = 0 so that EaI is a triad.
Now using na = N−1(ta−Na) to project fields normal
and tangential to Σt, one can decompose the Einstein–
Cartan action (1) and extract the canonical fields as well
as possible constraints. The only time derivative (along
tµ) of gravitational variables in the action appears for the
Ashtekar–Barbero connection
Ajb := −γω j0b −
1
2
ǫjklω
kl
b = γK
j
b + Γ
j
b (7)
multiplied with P ai :=
√
qEai /γκ as the momentum conju-
gate to Ajb. The remaining components of the space-time
connection,
−A
j
b := ω
j0
b −
1
2γ
ǫjklω
kl
b (8)
and ωIJt , as well as the lapse function N and shift vector
Na appearing in the metric are non-dynamical. As usu-
ally, variation by N and Na gives the Hamiltonian and
diffeomorphism constraints. The variation by the non-
dynamical connection components, on the other hand,
provides partially second class constraints which can be
solved algebraically for
γ −A
k
b = −Akb + 2Γkb (9)
where
Γkb = Γ˜
k
b +
γκ
4(1 + γ2)
(
θ ǫ kij e
i
bJ
j − βekbJ0
)
, (10)
is a combination of the torsion-free spin connection Γ˜kb
(see App. A 2) and a torsion contribution
Cja :=
γκ
4(1 + γ2)
(
θ ǫjkle
k
aJ
l − βejaJ0
)
. (11)
Also ωk0t is determined by the second class constraints,
such that only ǫijkω
jk
t remain free as Lagrange multipli-
ers of the Gauss constraint
Gi = DbP bi −
1
2
√
qJi = γ[Kb, P
b]i− γβ
2(1 + γ2)
√
qJi (12)
4where J i = ψ†σiψ + η†σiη (and J0 = ψ†ψ − η†η which
will appear below).
Together with the diffeomorphism constraint
Ca = P
b
j (F
j
ab − (γ2 + 1)ǫjklKkaK lb)− i
√
q
(
θL(ψ
†Daψ −Daηη)− c.c.
)
+
β
2
Kia
√
qJi (13)
= P bj F
j
ab − i
√
q
(
θL(ψ
†Daψ −Daηη)− c.c.
)− γ2 + 1
γ
KjaGj (14)
and the Hamiltonian constraint
C =
γ2κ
2
√
q
P ai P
b
j
(
ǫijkF
k
ab − 2(γ2 + 1)Ki[aKjb]
)
+
γκβ
2
√
q
P ai Da(
√
qJ i) + (1 + γ2)κD˜a
(
P ai G
i
√
q
)
+iγκP ai
(
θL(ψ
†σiDaψ +Daησiη))− θR(η†σiDaη +Daψσiψ)
)
+
κ
4
(
3− γ
α
+ 2γ2
)
ǫlknK
l
aP
a
k J
n (15)
(where θL/R :=
1
2 (1± i/α)) this provides a first class set
of constraints.
At this point, we emphasize that we have not imposed
any restriction on either the non-minimal coupling pa-
rameter α or the Immirzi parameter γ (as long as they
are both real). The formulation is thus consistent for
all values, but as we will see the behavior under par-
ity of the variables used appears different depending on
whether α = γ or not. We also emphasize that some of
the terms in our constraints differ from those presented
in [5] even for the case α = γ considered there. In what
follows, we will be led to consistency checks of our ex-
pressions, which confirm the presence of the terms listed
here.
III. PARITY TRANSFORMATION OF THE
CLASSICAL THEORY
In the presence of fermions, the parity behavior is not
fully obvious even in the absence of explicitly parity vio-
lating interaction terms. A detailed analysis of transfor-
mation properties is then required.
A. The Torsion Contribution to Extrinsic
Curvature
Torsion components play an indirect but important
role in the behavior under parity. During the constraint
analysis, second class constraints provide the torsion con-
tribution to the connection as seen in (10). However,
although Kia is restricted by the Gauss constraint, con-
straints do not provide its complete torsion contribution.
On the other hand, the transformation properties of the
Ashtekar-Barbero connection Aia under parity cannot be
determined without the knowledge of the torsion contri-
bution to Kia, or at least its parity behavior. Thus the
splitting of extrinsic curvature into torsion-free and tor-
sion parts is inevitable in order to arrive at a set of con-
sistent parity transformations for gravity with fermions.
As in the case of (4), we have to solve partially equations
of motion for the connection to derive the expression for
the torsion part kia of K
i
a = K˜
i
a + k
i
a.
For the canonical pair (Aia, P
a
i ) the equations of motion
are LtAia =
{
Aia, H
}
= δH/δP ai and LtP ai = {P ai , H} =
−δH/δAia where H [Λi, N,Na] =
∫
d3x(ΛiGi + NC +
NaCa) is the total constraint. While the first equation
of motion entails all the dynamics of gravity coupled with
matter, the second one yields the expression for the con-
nection. After longer calculations, it takes the form
LtP cj + ωi0t ǫijkP ck − P cj ∂aNa −Na∂aP cj + P bj ∂bN c
+NaǫijkP
c
i A
k
a +N
cGj + sgn det(e
i
a)
ǫabc
γ2κ
∂b(Neaj)
+
N
√
q
γ2κ
(ebje
c
k − ebkecj)Akb =
1
2
κNǫijkP
c
i J
k +
Nκ
2α
P cj J
0
where the sign of the determinant of the co-triad appears
due to the use of γκP ai =
1
2 sgndet(e
i
a)ǫ
abcǫijke
j
be
k
c .
In order to solve for kia which appears via A
i
a, we con-
tract the equation with elc and, as an internal tensor with
indices l and j, derive its trace and symmetric parts.
Combined, this gives
elcLtP cj + ejcLtP cl − δljekcLtP ck +Na(P cj ∂aelc + P cl ∂aejc) + elcP bj ∂bN c + ejcP bl ∂bN c (16)
− sgndet(eia)
(
δlj
ǫabc
γ2κ
Nelc∂b(eaj)−N
ǫabc
γ2κ
(elc∂beaj + e
j
c∂beal)
)
+
N
√
q
γ2κ
(ebjA
l
b + e
b
lA
j
b) = −
N
√
q
2α
δljJ
0 .
5The extrinsic curvature contribution is contained in the term
√
q
γκ
(ebjA
l
b + e
b
lA
j
b) = (P
b
j Γ˜
l
b + P
b
l Γ˜
j
b) + (P
b
j C
l
b + P
b
l C
j
b ) + γ(P
b
j K˜
l
b + P
b
l K˜
j
b ) + γ(P
b
j k
l
b + P
b
l k
j
b) , (17)
where we have used the decomposition Aia = A˜
i
a + A
i
a into the torsion-free part A˜
i
a = Γ˜
i
a + γK˜
i
a and a torsion
contribution A
i
a = C
i
a + γk
i
a.
To complete the splitting, we use that the torsion-free extrinsic curvature from the usual expression K˜ab =
1
2N (q˙ab−
2D˜(aNb)) satisfies
P bj K˜
l
b + P
b
l K˜
j
b = −
1
N
γ
(
(elcLtP cj + ejcLtP cl − δljekcLtP ck ) + (Na(P cj ∂aelc + P cl ∂aejc) + elcP bj ∂bN c + ejcP bl ∂bN c)
)
(18)
for K˜ia = e
b
iK˜ab. Combining this with (A10), (17), (11),
we find ebjk
l
b + e
blkbj = κγθδ
l
jJ
0/2(1+ γ2). On the other
hand, from the Gauss constraint it follows that kjbe
bl −
klbe
bj = κγβǫ jli J
i/2(1 + γ2). Thus,
kma =
κγ
4(1 + γ2)
(
βǫ mij e
i
aJ
j + θema J
0
)
(19)
is the contribution which provides the antisymmetric part
ofKab, but also adds to the symmetric term. The expres-
sion for kma can independently (but not fully canonically)
be verified by computing it from (4) as kma = −Cm0a =
−qνanJCJMν .
With (11) and (19), the Ashtekar–Barbero connection
as split into its torsion and torsion-free parts is
Aia = Γ˜
i
a + γK˜
i
a +
κγ
4
ǫikle
k
aJ
l − κγ
4α
eiaJ
0 , (20)
where the first term is completely torsion-free and only
the J-terms represent the torsion contribution.
B. Parity transformation
We first define the parity trasnformation for both
canonical gravitational variables and fermionic matter
fields such that it respects the background indepen-
dence of a theory of gravity non-minimally coupled with
fermions. Parity conservation can then be determined by
testing either whether the effective action (5) in the La-
grangian formulation, or constraints as well as the sym-
plectic structure of the Hamiltonian formulation are left
invariant. As we will see, the torsion contributions to the
connection play an important role in this, and we will be
led to split all the constraints into their torsion-free and
torsion parts to verify the parity behavior.
In a background-independent setting, we cannot refer
to spatial coordinates changing their sign under parity
reversal. Instead, as usually in formulations on curved
manifolds we use the fact that triads change their orien-
tations under parity reversal as one of the primary con-
tributions to the parity transformation: eai → −eai [40].
For Dirac spinors, we use the conventional field theory
definition Ψ→ γ0Ψ. These basic definitions imply
J0 = Ψγ0γ5Ψ→ −J0 , J i = Ψγiγ5Ψ→ J i (21)
Γia = Γ˜
i
a + C
i
a → Γ˜ia −
γκ
4(1 + γ2)
(
θ ǫ kij e
i
bJ
j + βekbJ
0
)
Kia = K˜
i
a + k
i
a → −K˜ia −
γκ
4(1 + γ2)
(
β ǫ kij e
i
bJ
j − θekbJ0
)
where we have used K˜ia = K˜abe
bi → −K˜ia. The Γ˜ia-
behavior follows from formulas in the Appendix, which
keep track of factors of sgndet(eia).
It is interesting to note that both Γia and K
i
a trans-
form as their torsion-free counterparts Γ˜ia and K˜
i
a only for
α = γ (i.e. θ = 0), a result expected from [5]. Also note
that the Ashtekar-Barbero connection Aia does not have a
simple transformation property because Γia andK
i
a trans-
form differently. However, as seen in (20) the torsion
contributions simplify when combined to Cia + γk
i
a. Re-
grouping the remaining terms by new combinations with
Γ˜ia and K˜
i
a provides a transformation law
Aia =
(
Γ˜ia −
γκ
4α
eiaJ
0
)
+ γ
(
K˜ia +
κ
4
ǫijke
j
aJ
k
)
→
(
Γ˜ia −
γκ
4α
eiaJ
0
)
− γ
(
K˜ia +
κ
4
ǫijke
j
aJ
k
)
(22)
just like the combination of torsion-free Γ˜ia and K˜
i
a.
With these rules, the Liouville term in the action trans-
forms as
6∫
Σ
d3xP ai LtAia =
∫
Σ
d3xP ai Lt
((
Γ˜ia −
γκ
4α
eiaJ
0
)
+ γ
(
K˜ia +
κ
4
ǫijke
j
aJ
k
))
→ −
∫
Σ
d3xP ai Lt
(
Γ˜ia −
γκ
4α
eiaJ
0
)
+ γ
∫
Σ
d3xP ai Lt
(
K˜ia +
κ
4
ǫijke
j
aJ
k
)
=
∫
Σ
d3xP ai LtAia, (23)
where we have used the fact that{
P ai , Γ˜
i
a − γκ4α eiaJ0
}
PB
= 0 such that the Γ-term
does not contribute to the symplectic structure. There-
fore, the symplectic structure is invariant under the
parity transformation.
Given that Aia consists of two terms transforming dif-
ferently, it is useful for a parity analysis to rewrite all
terms of the constraints by explicitly splitting off their
torsion contributions. The torsion-free parts will then
just have the vacuum parity behavior, which is parity
invariant, while the torsion terms directly demonstrate
the parity behavior in the presence of fermions through
the currents. The Gauss constraint can easily be split in
this way and formulated in torsion-free variables. The
split Gauss constraint, G˜i = γǫ
k
ij K˜
j
aP
a
k = 0, is inde-
pendent of the fermion current and thus parity invari-
ant. Splitting the diffeomorphism constraint into torsion
and torsion-free components is more involved, and after
a longer computation we obtain
Ca = P
b
j (F˜
j
ab + 2∂[aA
j
b] + ǫ
j
lmA
l
aA
m
b + ǫ
j
lmA
l
aA˜
m
b + ǫ
j
lmA˜
l
aA
m
b )−
1 + γ2
γ
KiaGi
−1
2
i
√
q(ψ†D˜aψ + η
†D˜aη − c.c.)− 1
2
Cia
√
qJi − γ
2
Kia
√
qJi (24)
= 2γP bj D˜[aK˜
j
b] + sgn det(e
i
a)
γκ
4
ǫ bca P
c
l D˜b(
√
qJ l)− 1
2
i
√
q(ψ†D˜aψ + η
†D˜aη − c.c.)
+sgndet(eia)P
f
l
(
ǫ bcf Γ
c
ba − ǫ bca Γcbf
)√
qJ l +
(
γκ
4
ǫjklJkeal − γκ
4α
ejaJ
0 − 1 + γ
2 − γ3
γ
Kja
)
G˜j ,
where Γcab is the torsion-free Christoffel connection which
can be expressed in terms of triads and co-triads as in
(A2) and we have used (20) and γ[K˜b, P
b]i = G˜i to ar-
rive at the final expression. Again, the splitting makes it
obvious that the diffeomorphism constraint is invariant
under parity transformations. Notice the importance of
sgndet(eia)-factors which we carried through the calcula-
tion — see also the Appendix for some formulas.
Finally, the Hamiltonian constraint turns out to be
C =
κγ2
2
√
q
P ai P
b
j
(
ǫijk(F˜
k
ab + 2∂[aA
k
b] + ǫ
k
lmA
l
aA
m
b + ǫ
k
lmA
l
aA˜
m
b + ǫ
k
lmA˜
l
aA
m
b )− 2(γ2 + 1)Ki[aKjb]
)
+
1
2
iγκP ai (ψ
†σiD˜aψ − η†σiD˜aη − c.c.) + γ
2κP ai
2
√
q
D˜a(
√
qJ i) +
γ2κ
2
P bjK
j
bJ
0
+
γκ
2
[Ka, P
a]jJ
j − 3κ
8
√
q
γ2
1 + γ2
q(J0)
2 + (1 + γ2)κD˜a
(
P ai G
i
√
q
)
(25)
=
κγ2
2
√
q
P ai P
b
j
(
ǫijkR˜
k
ab − 2K˜i[aK˜jb]
)
+
1
2
iγκP ai (ψ
†σi∂aψ − η†σi∂aη − c.c.) + γκθ
2
P bj Γ˜
j
bJ
0 +
γ3κ2
4α
√
q
ǫijkP
a
i e
k
bJ
0∂aP
b
j
+
3κ
16
γ2
1 + γ2
(
1
α2
− 2
αγ
− 1
)√
q(J0)
2 − 3κ
16
γ2
1 + γ2
(
1
α2
− 2
αγ
− 1
)√
qJlJ
l + κD˜a
(
P ai G˜
i
√
q
)
+
κ
2
(
1 +
γ2
2
)
G˜iJ
i
where R˜kab is the curvature of Γ˜
i
a. Also this expression is parity invariant for all α.
7Independently of the parity behavior, the last expres-
sion allows us to provide a cross-check of our constraints
by comparing with the effective action (5). From the
Hamiltonian constraint (25) we read off the interaction
term
Hint =
3κ
16
γ2
1 + γ2
(
1
α2
− 2
αγ
− 1
)√
q(J0)
2 − 3κ
16
γ2
1 + γ2
(
1
α2
− 2
αγ
− 1
)√
qJlJ
l , (26)
quadratic in currents. This agrees with the Lagrangian
formulation (5). In addition to checking the parity be-
havior, splitting the constraints into torsion-free/torsion
parts thus provides a non-trivial cross-check by compar-
ing our constraints with the interaction Hamiltonian of
the effective action [41].
IV. QUANTIZATION
In Sec. II, we have summarized all the necessary gener-
alizations in the canonical formulation which are induced
by the coupling between gravity and fermions through
the Ashtekar–Barbero connection, and explicitly verified
parity invariance in Sec. III which is not manifest in
canonical variables (Aia, P
b
j ). In this section, we explore
the effects on the canonical quantization as used in loop
quantum gravity. Quantizations of fermions in canoni-
cal gravity have already been developed in [12, 13] (see
also [14, 15, 16] for earlier work). However, these de-
velopments were not based on a systematic derivation
of the canonical formulation from a Holst-type action
and several features related to the torsion-dependence
of the Ashtekar–Barbero connection were overlooked or
remained implicit. Corresponding adaptations which be-
come necessary in a consistent quantization could thus
appear to draw suspicions about the validity of the ba-
sic strategy of a loop quantization as used in [12, 13].
(Some concerns have, for instance, been voiced in [17].)
In addition to that, we here raise the question of parity
invariance of the quantum theory which may be a concern
given that the classical verification of parity required us
to partially solve equations of motion to see the correct
transformation behavior.
Before starting the quantization, the first question con-
cerns the choice of basic variables. We have two sets,
given by the canonical variables (Aia, P
b
j ) in the pres-
ence of torsion as well as the torsion-free components
(A˜ia, P
b
j ) with explicit expressions for torsion in terms of
the fermion current in (20). However, as we have seen,
equations of motion are required to find the torsion con-
tribution to extrinsic curvature in explicit form. The
use of classical equations of motion is not suitable for a
quantization, and there is thus no choice but to use the
canonical variables with implicit torsion terms.
A. Half-densitized fermions
In addition to torsion terms, there will be a further
contribution to the connection once we formulate the
fermions in terms of half-densities as required for con-
sistency [12]. For fermions, we have the canonical pair
(ψ, π) with π = −i√qψ†. These canonical variables can-
not be promoted to operators on a Hilbert space with a
suitable inner product in a way incorporating the reality
condition π† = i
√
qψ by satisfying πˆ† = i
√̂
qψˆ: First, if
f(A) is a non-trivial real valued function of the connec-
tion A, then the inconsistent relation
0 = 0† = ([πˆ, f(A)])† = i[
√̂
q, f(A)]ψˆ 6= 0 (27)
ensues. Here the first commutator is expected to van-
ish since the corresponding classical Poisson bracket van-
ishes. On the contrary, the classical Poisson bracket cor-
responding to the second commutator is non-zero; hence
the inconsistency arises. A second problem can be seen
to arise from the symplectic structure obtained from the
fermion Liouville form
Θ = −i
∫
Σt
d3x
√
q
(
θLψ
†ψ˙ − θRψ˙†ψ
)
=
∫
Σt
d3x
(
πψ˙ − i
2
θRγκψ
†ψeicP˙
c
i
)
−
∫
Σt
d3xθRLt(πψ) . (28)
Here, it follows from the second term of the first integral
that the connection Aia acquires an imaginary correction
term 12 iθRψ
†ψeia, which endows the theory with a com-
plex connection. This, in turn, would require the use of a
complexification of SU(2) in holonomies, for which, due
to the non-compactness, none of the loop quantization
8techniques relying on the existence of a normalized Haar
measure would be available (see e.g. [18]).
Both problems were solved by Thiemann who observed
in [12] that, in order to obtain a well-defined canoni-
cal loop quantization with a real Ashtekar–Barbero con-
nection also in the presence of fermions, one should
cast fermion fields into Grassmann-valued half-densities.
Thus ξ := 4
√
qψ instead of ψ (and χ := 4
√
qη instead of η)
is considered to be the classical canonical variable, and
πξ = −iξ† is the conjugate momentum for ξ. The in-
consistencies in (27) are naturally removed as the new
canonical variables imply the reality condition π†ξ = iξ
without any appearance of
√
q.
In half-densities, the symplectic structure becomes
Θ = −i
∫
Σt
d3x
√
q
(
θL(ψ
†ψ˙ − η˙†η)− θR(ψ˙†ψ − η†η˙)
)
=
∫
Σt
d3x
(
πξ ξ˙ + πχχ˙
)
+
∫
Σt
d3x
γκ
4α
P ci Lt(eicJ0) , (29)
where we have ignored total time derivatives which would
drop out of the action for appropriate boundary condi-
tions. The classical anti-Poisson brackets for Grassmann-
valued fields are {ξA(x), πξB(y)}+ = δABδ(x, y). More-
over, as the extra term shows, 4
√
q can be absorbed in
spinors without changing the symplectic structure of the
gravitational variables only when α → ∞, i.e. for min-
imal coupling. Combining the last term in (29) with
the gravitational Liouville term
∫
d3xP ci LtAic, a real-
valued correction term γκ4αe
i
aJ
0 must be added to the
Ashtekar-Barbero connection Aia. This is a new feature
that is present in the non-minimally coupled theory if
the fermion fields are expressed in terms of half-densities.
Therefore, the new canonical connection can be written
as
Aia := Aia +
γκ
4α
eiaJ
0 = Γ˜ia + Cia + γKia , (30)
where
Cia :=
θγ2κ
4(1 + γ2)
(
1
γ
ǫjkle
k
aJ
l − ejaJ0
)
. (31)
Absorbing the correction term into the torsion contribu-
tion to the spatial spin connection allows one to keep
Kia unchanged in the course of expressing all the con-
straints in terms of the corrected connection. Note that
the corrected torsion contribution, Cia, to the spin con-
nection vanishes for α = γ. (If one would use the fully
split connection (20) based on partial solutions of the
equations of motion, the new contribution in the pres-
ence of half-densities would cancel the J0-dependence of
Aia completely.)
In terms of the corrected connection and half-densities,
the total Dirac Hamiltonian constraint (modulo the
Gauss constraint) in (15) takes the smeared form
Htotal =
∫
Σt
d3x N
(
γ2κ
2
√
q
P ai P
b
j
(
ǫijkFkab − 2(γ2 + 1)Ki[aKjb]
)
− γκβP
a
i√
q
Da
(
πξτ
iξ + πχτ
iχ
)
−i2γκP
a
i√
q
(
θLπξτ
iDaξ − θRπχτ iDaχ− c.c.
)
+
γκβ
2
√
q(1 + γ2)
(
3− γ
α
+ 2γ2
)
(πξτlξ + πχτlχ)(πξτ
lξ + πχτ
lχ)
+i
γ3κ2
4αq
ǫijkP
a
i e
k
b (πξξ − πχχ)DaP bj +
3γκθ
8α
√
q
(πξξ − πχχ)(πξξ − πχχ)
)
(32)
where Fkab is the curvature and D, now and in the rest
of the paper, is the covariant derivative related to the
corrected connection A.
B. Quantum representation
The ordinary kinematical constructions of loop quan-
tum gravity do not refer to torsion or torsion-freedom
and thus go through unchanged. We thus present only
the bare concepts relevant for the construction of con-
9straint operators.
1. Fermion fields
The space of all Grassmann-valued half-densitized 2-
component spinors ξ(x) and χ(x) constitutes the classical
configuration space F for fermion fields. The loop quan-
tization [12] then promotes smeared objects
ΞA(x) :=
∫
Σt
d3y
√
δ(x, y)ξA := lim
ǫ→0
∫
Σt
d3y
√
χǫ(x, y)
ǫ3
ξA
to operators, where χǫ(x, y) is the characteristic function
of a box of Lebesgue measure ǫ3 centered at x. Note
that ΞA are scalar Grassmann valued functions since the
δ distribution is a density of weight one. It is also easy to
see that Ξ and their adjoint satisfy anti-Poisson brackets
similar to those presented above for ξ. Upon quantiza-
tion, the anti-Poisson bracket is replaced by the anti-
commutator [ΞˆA(x), πˆB(y)]+ = i~δABδx,y with δx,y be-
ing the Kronecker symbol (rather than a δ-distribution
thanks to the smearing involved in ΞA).
This algebra can be represented on a non-separable
Hilbert space HF = L2(S, dµF ) =
⊗
v∈Σ L
2(Sv, dµv)
where each copy Hv for any point v in space is an or-
dinary Grassmann-valued Hilbert space of multi-linear
functions of ΞA(v) and Ξ¯A(v) of two-component spinors
in their Grassmann space Sv, with integration mea-
sure dµv = dΞvdΞve
ΞvΞv . The full space of the fields
can then be written as S :=
⊗
v∈Σ Sv with measure
dµF (Ξ,Ξ) =
∏
v∈Σ dµv. On this space, ΞˆA acts as a mul-
tiplication operator, and its momentum πˆB = −i~∂/∂ΞB
by a derivative. In addition, we have a second copy of
these point-wise Hilbert spaces for χ smeared to X .
A dense subset of functions in this Hilbert space is
formed by cylindrical functions which are superpositions
only of products of finitely many vertex-wise Grassmann-
factors. These functions can be seen to arise if one starts
with a cyclic state independent of Ξ and X and uses the
Ξˆv and Xˆv as “creation” operators. Since all the con-
straints depend on the fermion only via currents, which
are polynomials in ΞA and XA, they can easily be repre-
sented on this subspace of cylindrical functions.
2. Gravitational variables
Classical configuration variables for gravity are SU(2)-
connections on a principal fiber bundle over the spatial
manifold Σ, represented by smooth su(2)-valued local 1-
forms Aia from (30); the space A of all such 1-forms is
the classical configuration space. The phase space is co-
ordinatized by the pair (Aia, P ai ), where P ia is the con-
jugate momentum, an su(2)-valued vector density on Σ
proportional to the densitized triad. Then the only non-
vanishing Poisson bracket is
{Aia(x), P bj (y)} = δijδbaδ(x, y) . (33)
No well-defined quantum analogs for these canonical vari-
ables exist in a direct form without smearing. The ele-
mentary classical variables that have well-defined quan-
tum analogs are rather given by (complex valued) matrix
elements of holonomies he(A) = P exp(
∫
e
Aiaτie˙adt) ∈
SU(2) along paths e in Σ and fluxes F
(f)
S (P ) :=∫
S finaP
a
i d
2y, where f are su(2)-valued functions across
2-surfaces S in Σ and na is the (metric-independent) co-
normal to the surface.
This provides the appropriate smearing for gravita-
tional variables. The resulting holonomy-flux algebra is
represented on a Hilbert space H = L2(A, dµAL) con-
structed as follows [18]: We first introduce cylindrical
functions whose space will eventually be completed to
a Hilbert space. Cylindrical functions are functions on
A which depend on Aia only through holonomies he(A)
along edges e of a graph α (a finite set of edges) in Σ. If
a graph α has n edges, then, given a C∞ complex-valued
function ψ on SU(2)n, a cylindrical function Ψα on A
with respect to the graph α can be written as
Ψα(A) := ψ(he1(A), . . . , hen(A)) . (34)
Let Cylα denote the space of such functions with respect
to the graph α, and Cyl = ∪αCylα the space of all cylin-
drical functions. A natural inner product on Cylα can be
introduced by defining the measure dµα by
〈Ψα,Φα〉 =
∫
dµαψαφα :=
∫
SU(2)n
dµnHψα(he1 , . . . , hen)φα(he1 , . . . , hen) (35)
with the Haar measure dµH on SU(2). The Cauchy
completion of Cylα with respect to this inner product
gives rise to a Hilbert space Hα := L2(Aα, dµα), where
Aα := Aα/G0α is the space of smooth connections re-
stricted to the graph α modulo all local gauge transfor-
mations gα ∈ G0α which are the identity on the vertices.
The measure extends to the full space Cyl (where
spaces Cylα for different α are mutually orthogonal ex-
cept for states which can be written cylindrically with
respect to both graphs) and, by completion, defines the
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full Hilbert space H := L2(A, dµAL) where dµAL is the
Ashtekar–Lewandowski measure constructed in this way
and A the space of generalized connections. The latter
space represents the quantum configuration space as an
enlargement from the classical configuration space A of
connections by distributions. On H, holonomies act as
multiplication operators which change the graph when
acting on a cylindrical state whose graph does not contain
the edge used in the holonomy. Flux operators are repre-
sented by invariant vector field operators on SU(2)-copies
corresponding to the edges intersected by the surface of
the flux. As operators on function spaces over SU(2),
invariant vector fields have discrete spectra, and so do
flux operators. From fluxes, one can construct further
operators of spatial geometry such as area and volume
[19, 20, 21] which also have discrete spectra.
All this remains unchanged in the presence of torsion.
By construction, the Ashtekar-Barbero connection inher-
its the total torsion contribution and thus the effect of
torsion on the system is concealed in holonomies which
are used in states and as basic multiplication operators
of loop quantum gravity. Consequently, the functions of
connections that represent the quantum state of the sys-
tem and operators containing holonomies are endowed
with all contributions from torsion in quantum kinemat-
ics. A complete split of torsion-free and torsion com-
ponents is possible only once equations of motion are
partially used. This is not available at the kinematical
level, which thus has no choice but to refer to the unsplit
torsion connection.
3. Combined Hilbert space of gravity and fermions
For the combined system, we simply take the ten-
sor product H ⊗ HF as the Hilbert space, which
acquires the tensor product of the basic representa-
tions. All cylindrical states can be written in the form
ψ(he1 , · · · , hem ,Ξv1 , · · · ,Ξvm , Xw1 , · · · , Xwl) with integer
n, m and l. Especially for the gravitational dependence
it is useful to use special cylindrical states based on spin
networks [22, 23]: graphs together with a labeling je
of their edges by irreducible SU(2)-representations ρ(je),
and of vertices with spinor representations σv of SU(2)
(obtained from tensor products of the fundamental rep-
resentation given by the basic 2-spinors) as well as con-
tractors Cv in vertices to contract the matrix-represented
holonomies of edges incoming and outgoing at v. Such
states take the form∏
v,e
C
νv
1
,...,νvnv ,ν
v
v µv
1
,...,µvmv ,µ
vρ(je)(he(A))µeνe σv(Ξv, Xv)µ
v
νv
(36)
where for all vertex labels νvi are to be contracted with
indices νe on represented matrices ρ
(je)(he(A))µeνe of all
nv outgoing edges as well as the spinor index ν
v, and µvi
with indices µe of all mv incoming edges as well as the
spinor index µv.
C. Constraints
General relativity is a background independent the-
ory and is fully constrained in the canonical formulation.
Thus the quantization of the constraints is necessary to
obtain physical states. Having identified elementary op-
erators and their quantum representation, this kinemat-
ical structure is now used to construct a set of quantum
operators corresponding to constraints relevant for the
system. Subsequently, these quantum constraints have
to be solved to obtain physical states. The existence
of torsion may change the form of each of the quantum
constraint operators and consequently influence their so-
lutions. Here, we will show that extra terms can be quan-
tized consistently.
1. Kinematical constraints
We first express the Gauss constraint in terms of half-
densities and the new canonical connection Aia:
Gi := DbP bi −
1
2
√
qJi = DbP bi + πξτiξ + πχτiχ . (37)
Upon smearing the constraint with an su(2)-valued func-
tion Λi on Σ, it is easy to see that G[Λi] =
∫
Σ d
3x ΛiGi
generates internal SU(2) rotations on the phase space of
general relativity:{Aia, G[Λ]} = −DaΛi and {P ai , G[Λ]} = ǫ kij ΛjP ak
together with a spinor transformation in the fundamen-
tal representation of SU(2). Thus, the quantization of
the Gauss constraint is carried out in a similar fashion as
it is done in the torsion-free case, restricting gauge invari-
ant states to be supported on A/G. For our configuration
variables, we have the transformations he 7→ ge(0)heg−1e(1),
Ξv 7→ gvΞv and Xv 7→ gvXv under a gauge transforma-
tion g: v 7→ gv ∈ SU(2). A spin network state, when
gauge transformed, acquires at each vertex v factors of
ρ(je)(g−1v ) from all incoming edges, ρ
(je)(gv) from outgo-
ing edges and fv(gv) from spinor factors in the state. For
a gauge invariant state, these factors must cancel each
other when contracted with the Cv in (36), which im-
plies that representation matrices (including the spinor)
must be multiplied by contraction with an intertwiner of
all relevant representations to the trivial one. The result-
ing gauge invariant states satisfy the quantum constraint
equation Gˆ[Λi]Ψα = 0 for all Λ
i.
Similarly, one can use the action of the spatial dif-
feomorphism group on the phase space by comput-
ing infinitesimal canonical transformations generated by
D[Na] =
∫
Σ d
3x NaCa. In terms of half-densities and
the corrected connection, the constraint turns out to be
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D[Na] =
∫
Σ
d3x Na
(
2P bj ∂[aAjb] −Aia∂bP bi +
1
2
(πξ∂aξ − (∂aπξ)ξ + πχ∂aχ− (∂aπχ)χ)
)
(38)
up to contributions from the Gauss constraint. This con-
straint generates transformations{Aia, D[Na]} = N bF ibc +Da(N cAic) = L ~NAia
and
{P ai , D[Na]} = N b∂bP ai − P bi ∂bNa + P ai ∂bN b = L ~NP ai
as well as the correct Lie derivative δξ = Na∂aξ+
1
2ξ∂aN
a
of half-densitized fermions. Hence, this constraint can be
quantized as in the torsion-free case via the finite action
of the diffeomorphism group. A finite diffeomorphism ϕ
is represented on cylindrical states by
Dˆϕψ(he1 , . . . , hem ,Ξv1 , . . . ,Ξvn , Xw1 , . . . , Xwl) = ψ(hϕ(e1), . . . , hϕ(em),Ξϕ(v1), . . . ,Ξϕ(vn), Xϕ(w1), . . . , Xϕ(wl)) (39)
simply by moving the graph (which presents a uni-
tary transformation with respect to the Ashtekar–
Lewandowski measure). Thus, invariant states can be
determined by constructing a new, diffeomorphism in-
variant Hilbert space via group averaging.
2. Hamiltonian constraint
While the Gauss and diffeomorphism constraints gen-
erate the canonical transformations that represent the
well-known kinematical gauge symmetries in the classi-
cal phase space independently of torsion, the scalar con-
straint entails the essence of dynamics of the theory.
Hence the scalar quantum operator describes quantum
dynamics of the physical states which must be in ac-
cordance with the presence of torsion. Unfortunately,
a complete quantization of this scalar constraint is yet
to be satisfactorily realized. Therefore, we present only
the necessary adaptations to the existing quantization
attempts. In this approach, it is essential to re-express
the classical expression of the scalar constraint in terms
of those phase space functions which can be promoted to
well-defined operators.
Our starting point is expression (32) of the Hamilto-
nian constraint in half-densitized fermions. The fermion
terms in the Dirac Hamiltonian coupled with gravity, can
be quantized using the strategy developed by Thiemann
in [13]. Note that this Dirac Hamiltonian is different
from the one presented in [13] (which took a second or-
der viewpoint) in two aspects: the covariant derivative
D now contains the Ashtekar–Barbero connection with
torsion and the interaction term is new. Also the gravi-
tational term has torsion contributions which have to be
taken into account when applying the standard quanti-
zation strategy of [6].
As usually, the expression involving extrinsic curvature
Kia would vanish for γ = 1 in Euclidean signature which
in turn implies that the first term in the gravitational
constraint reduces to the scalar constraint HE [N ] of Eu-
clidean general relativity. Then let us write the scalar
constraint for gravity alone as
H [N ] =
√
γHE [N ]− 2(1 + γ2)T [N ], (40)
where
T [N ] :=
√
γ
4κ
∫
Σt
d3x N
P ai P
b
j√
| detP |K
i
[aK
j
b] . (41)
In order to quantize the scalar constraint for gravity,
it is first necessary to express it in terms of classical
phase space functions which have well-defined quantum
analogs. In this regard, the following classical objects
and relationships are crucial as building blocks: The total
volume V = (γκ)3/2
∫
Σ
d3x
√
| detP | of Σ, the co-triad
eia(x) :=
√
κγ
2
sgndet(eld)ǫabcǫ
ijk
P bj P
c
k√
det P
=
2
γκ
{Aia(x), V } ,
(42)
the integrated trace of extrinsic curvature
K := γκ
∫
Σ
d3x KiaP
a
i . (43)
as well as expansions
he(A) = 1 + δsaτiAia +O(δ2) (44)
hαIJ (A) = 1 + δ2saIsbJFkabτk +O(δ3) (45)
of holonomies along small open edges e in direction sa of
coordinate length δ or small square loops αIJ of coordi-
nate area δ2 with sides in the directions saI .
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The first step in a regularization of a spatial integral
is to introduce a triangulation of Σ as the union of tetra-
hedra with edges of coordinate length δ and edges at a
given vertex pointing in directions saI , I = 1, 2, 3. To use
this for a construction of operators, the positions and
directions of tetrahedra are usually adapted to vertices
and edges of the graph underlying a state to be acted on.
The coordinate volumes of tetrahedra then replace the
integration measure: ǫabcd3x → δ3ǫIJKsaIsbJscK . More-
over, internal tensors can be written in terms of Pauli
matrices, such as ǫkmn = −4tr(τkτmτn). The tangents
saI , factors of δ and Pauli matrices can then be combined
with Poisson brackets to obtain
τkδs
a
I{Aka, O} → −
1
i~
hsI [h
−1
sI , Oˆ] (46)
in terms of holonomies with their well-defined quantiza-
tion, where O could be the volume if (42) is used, or
the integrated trace of extrinsic curvature K. For fine
triangulations, δ ≪ 1, the error in replacing connection
components by holonomies is small, and it goes to zero
in the limit where all edge lengths of tetrahedra vanish.
Similarly, covariant derivatives can be combined to δsaIDa
and then regularized to a difference of values at the end-
points of a small edge in direction saI . If there are always
three factors where δ can be absorbed and the quantized
contributions vanish only when acting on vertices of a
graph, a well-defined operator results even in the limit
when the regulator is removed because for finite graphs
finitely many terms remain in the triangulation sum.
We first turn to the matter terms which arise in (32).
Some of them agree with the Dirac Hamiltonian used
in [13], and can thus be quantized along the same lines.
However, our analysis has provided extra terms which
must be ensured to have well-defined quantum expres-
sions, too. The current interaction terms can directly be
quantized with fermion operators and using
sgndet(eia)√
q
=
1
6q
ǫabcǫijke
i
ae
j
be
k
c
=
36ǫabcǫijk
γ3κ3
{Aia, V 1/3}{Ajb, V 1/3}{Akc , V 1/3}
for a quantizable expression in terms of commutators of
holonomies and the volume operator. Edge tangents of
the holonomies for the three Poisson brackets provide
the elementary coordinate volumes of the triangulation,
while half-densitized fermions in the current products will
simply be vertex-wise operators.
Terms of the form q−1/2P ai DaO where O is an ex-
pression of fermions can be reformulated using γκP ai =
sgn det(eia)
2 ǫ
abcǫijke
j
be
k
c in which we can again absorb the
inverse
√
q after expressing the co-triads as Poisson
brackets. Here, we will have two holonomies requiring
an edge tangent vector as well as the covariant derivative
which will become a directional derivative once the trian-
gulation volumes are expressed via edge vectors: we use
the expansion he(δ)O(e(δ)) − O(e(0)) ≈ δe˙aDaO where
he(δ) is a holonomy along an edge e of coordinate length
δ. Also these terms can thus be quantized by standard
techniques, which involves a discretization of the deriva-
tive.
Finally, we have to turn q−1ǫijkP ai e
k
bDaP bj into an ex-
pression which can be quantized. We first rewrite this
as
γ2κ2
q
ǫijkP ai e
k
b∂aP
b
j = −
γ2κ2
q
ǫijkP ai P
b
j ∂ae
k
b
= − sgndet(e
i
d)√
q
ǫabcekc∂ae
k
b = −sgndet(eid)ǫabc
ekc
q1/4
∂a
ekb
q1/4
which provides two factors of co-triads and one partial
derivative. Each of them will be combined with a tan-
gent vector to provide either holonomies or a discretized
derivative. The inverse powers of q1/4 can be absorbed by
choosing appropriate positive powers of volume in Pois-
son brackets expressing the co-triads. (Note that this is
the reason why we had to move one q−1/4 past the par-
tial derivative, because absorbing a single q−1/2 would
require the ill-defined logarithm of volume.)
For the gravitational part of the constraint, the cur-
vature components Fkab appear in a term which can be
expressed as
∫
d3xǫabcF kabǫcdeǫ
ijkP dj P
e
k /
√
| detP |.
After triangulation, this takes the form
ǫIJKsaIs
b
Js
c
Ktr(F
k
abτkτl{Alc, V }) which can be writ-
ten in terms of holonomies via ǫIJKtr(hIJhK{h−1K , V }).
It remains to quantize the extrinsic curvature terms,
where our goal is to expressKia in terms of Poisson brack-
ets such as
{Aia,K} and {Aia, V } which can be promoted
to commutators of well-defined operators. In the torsion-
free case the integrated extrinsic curvature is used in the
expressionKia =
1
κγ
{
Aia,K
}
for extrinsic curvature com-
ponents. This relation, proven e.g. in [24], turns out to be
one of the main places where torsion changes the quanti-
zation procedure of the Hamiltonian constraint. Viewing
(43) as a functional of the canonical pair (Aia, P bj ), i.e.
expressing Kia in terms of Aia and Γia, yields
{Ajb(y),K} = κ(Ajb(y)−Γjb(y))− κ
∫
Σ
d3x P ai (x)
δΓia(x)
δP bj (y)
= κγKjb (y) +
κ2γ2θ
4(1 + γ2)
(
1
γ
ǫj kle
k
b (y)J
l(y) +
1
2
ejb(y)J
0(y)
)
.
Here, we have used Γia = Γ˜
i
a + Cia (which only re- quires solutions to second class constraints) in the
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second step together with (11) and the fact that
κ
∫
Σ
d3x P ai (x)
δeΓia(x)
δP b
j
(y)
= 0, which can be proven by
a direct calculation or using the fact that F˜ :=
κγ
∫
Σ
d3x P ai (x)Γ˜
i
a(x) is the generating functional of Γ˜.
(Due to the presence of torsion, unless θ = 0 the func-
tional F := κγ
∫
Σ
d3x P ai (x)Γ
i
a(x) no longer generates
a canonical transformation to (Kia, P
j
b ) since
{Aia, F} 6=
Γia. Many of the differences between torsion and torsion-
free canonical gravity are reflected in this property of the
canonical structure.)
Together with (42) it is then straightforward to show
that
Kia =
1
γκ
{Aia,K}− θ2γ(1 + γ2)√q ǫi kl {Aka, V }√qJ l − θ4(1 + γ2)√q {Aia, V }√qJ0 . (47)
With these classical identities, the contributions HE [N ] and T [N ] to the Hamiltonian constraint become
HE [N ] =
1
κ2γ
3
2
∫
Σ
d3x N(x)ǫabcFkab(x)
{
Akc (x), V
}
sgndet(eld) , (48)
and
T [N ] = 1
2κ2γ
∫
Σ
d3x N(x)ǫabcǫkmn
{Aka(x), V }Kmb Knc sgndet(eld)
=
1
2κ4γ3
∫
Σ
d3x N(x)ǫabcǫkmn
{Aka(x),K} {Amb (x),K} {Anc (x), V } sgn det(eld) (49)
− 2θ
γ3κ3(1 + γ2)
∫
Σ
d3x N(x)ǫabc ǫkmn ǫ
n
ij
{
Aka(x), V
1
2
}
{Amb (x),K}
{
Aic(x), V
1
2
}√
qJjsgndet(eld)
− θ
γ3κ2(1 + γ2)
∫
Σ
d3x N(x)ǫabc ǫkmn
{
Aka(x), V
1
2
}
{Amb (x),K}
{
Anc (x), V
1
2
}√
qJ0sgndet(eld)
+
27θ2
8γ2κ2(1 + γ2)2
∫
Σ
d3x N(x) ǫabc ǫkmn ǫ
m
ij
{
Aka(x), V
1
3
}{
Aib(x), V
1
3
}{
Anc (x), V
1
3
}√
qJj
√
qJ0sgndet(eld)
+
27θ2
32γκ2(1 + γ2)2
∫
Σ
d3x N(x) ǫabc ǫkmn
{
Aka(x), V
1
3
}{
Amb (x), V
1
3
}{
Anc (x), V
1
3
}√
qJ0
√
qJ0sgndet(eld)
+
27θ2
8γ3κ2(1 + γ2)2
∫
Σ
d3x N(x) ǫabc ǫmkn
{
Aja(x), V
1
3
}{
Amb (x), V
1
3
}{
Akc (x), V
1
3
}√
qJn
√
qJjsgndet(e
l
d) .
Here, we have already absorbed inverse powers of
√
q in
the Poisson brackets, while keeping one factor of
√
q with
each current component to make the product quadratic
in half-densities of fermions without other metric compo-
nents.
It is thus clear that the presence of torsion introduces
non-trivial additional terms in the gravitational Hamil-
tonian constraint when it is written in a form suitable for
quantization.
While no changes to the torsion-free construction of
the Hamiltonian constraint are required for expressing
F iab and Aia in terms of holonomies, there is a further
difference to the treatment of K in [6]. This quantity
is not directly related to a basic variable, but can be
obtained from a Poisson bracket {HE[1], V } where both
ingredients are already written as quantizable functions
of basic quantities. With Γia having contributions from
torsion, we obtain, using (A4) and the trace of (11),
{
HE[1], V
}
=
√
γ
γκ
2
∫
Σ
d3x
(
ǫijkP
a
i e
c
j∂ae
k
c + 2P
b
n(Γ
n
b + γK
n
b )
)
= γ3/2κ
∫
Σ
d3x
(
P bnCnb + γP bnKnb
)
= γ
3
2K − 3θ
4
γ
3
2
γ
1 + γ2
∫
Σ
d3x
√
qJ0, (50)
which implies
K = γ−
3
2
{
HE [1], V
}− i 6α2γκθ
(1 + γ2)(1 + α2)
∫
Σ
d3x (θRπξξ − θLπχχ) . (51)
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Again, the presence of torsion implies that K can no
longer be expressed just as the Poisson bracket of HE [1]
and V ; the extra term involving the fermion charge den-
sity in (51) is necessary if the torsion is included in the
connection. This result is consistent since splitting the
torsion contribution fromKia and taking the trace of (19)
reduces K to the Poisson bracket γ−
3
2
{
HE [1], V
}
with-
out any extra terms. The additional term in (51), how-
ever, does not have much effect since it only depends on
the canonical fermion half-densities, and thus drops out
of the Poisson bracket with Aia in (49) which is the only
form in which K appears.
It is interesting to note that, for α = γ, the equations
(47), (49), (50), and (51) take the standard forms of the
torsion-free case (without any extra terms) since θ van-
ishes. This results since the torsion contribution to the
spatial spin connection, Cia, vanishes for α = γ when the
fermion fields are expressed in half-densities as shown
in (31). Therefore, except for the extra terms in (32),
the strategy for a loop quantization of the gravitational
sector of gravity non-minimally coupled to fermions is
exactly the same as that in vacuum for α = γ. Although
this is the case which was also addressed in [5], we empha-
size that the complete canonical derivation for real vari-
ables has to be done to recognize the roles of all possible
contributions to the variables and constraints. In par-
ticular, there are extra terms in (32) whose correct form
must be used to quantize the Hamiltonian constraint.
For α 6= γ, the quantization of the scalar constraint
of gravity with fermions demands the quantization of
the non-trivial extra terms in (49) in addition to the
terms appearing in (32). This can be carried out us-
ing the standard strategy: All extra terms have the
structure
∫
d3xNǫabcǫkmn{Aka, O1}{Amb , O2}{Aic, O3}Oni
where O1, O2 andO3 are either powers of V orK, andO
n
i
is ǫnij
√
qJj , δni
√
qJ0, ǫnijqJ
0Jj , δni q(J
0)2 and qJnJi, re-
spectively, in all the required terms. The operators Oˆi are
obtained either as the volume operator or its commutator
with the Euclidean part of the Hamiltonian constraint.
The current terms also provide vertex operators directly
in terms of the smeared fermion operators Ξˆv and Xˆv.
For J0, this can directly be multiplied with the commuta-
tors, while J i can be inserted into the trace through τiJ
i.
We do not list the long expressions for complete operators
here, but it is clear now that well-defined quantizations
exist for all the extra terms. This provides quantizations
of all terms in (49), completing the quantization of the
gravitational constraint in the presence of torsion.
D. Parity
In loop quantum gravity, the parity behavior is not
manifest because the Ashtekar connection transforms as
Γia+γK
i
a 7→ Γia−γKia under parity, which does not result
in a straightforward transformation of its holonomies.
For states in the connection representation, there is thus
no simple parity transformation on the Hilbert space for
which one could check invariance of the theory. Some-
times the relation between Kia and extrinsic curvature is
changed in the definition of basic variables, making use
of sgn det(ejc)Kabe
b
i with a sign factor which would make
the redefinedKia and thus the whole Ashtekar connection
invariant under a reversal of the triad orientation. How-
ever, the symplectic structure would be invariant under
this transformation only if a corresponding sign factor
is included in the momentum, now being det(ejb)P
a
i in-
stead of P ai . This momentum would also be invariant
under orientation reversal. With all the basic gravita-
tional variables being invariant under orientation rever-
sal, one would simply loose any possibility to implement
non-trivial parity transformations at all. Thus, the only
possibility is to work with a theory whose parity behavior
is rather concealed.
While this may appear only as a technical problem in
vacuum or with non-fermionic matter, it becomes acute
in the presence of fermions and torsion. (Note that a
second order formalism, where fermions would not imply
torsion contributions to the connection and thus allow
a parity behavior as in the vacuum theory, is unnatural
for the connection variables of the Ashtekar formulation
as it underlies the loop quantization.) As our classical
discussion in Sec. III showed, the precise behavior of the
variables and constraints under parity transformations
is no longer obvious in the presence of torsion. Even
classically, the behavior is fully determined only on-shell,
making use not only of the constraints but also of some
equations of motion. While the classical solution space
turns out to be parity invariant for any α, specific tor-
sion contributions to Γia and K
i
a acquire a behavior dif-
ferent from the torsion-free parity behavior unless α = γ.
This observation, consistent with [5], indicates that the
situation of parity after quantization, where information
about solutions of equations of motion cannot be used,
may be much more involved.
In fact, now the non-trivial parity behavior is hidden in
holonomies used as basic operators. At the kinematical
level, there is no way of knowing what unitary transfor-
mation could possibly represent a change in parity, given
that even classically one would have to make use of con-
straints and equations of motion to determine that. In
the classical case, the behavior of the theory under parity
became obvious only after explicitly splitting off the tor-
sion contributions from the basic variables — a procedure
which we are denied in the quantum theory. Triads have
a much simpler (and obvious) behavior under parity, but
this, too, is difficult to implement at the quantum level
because no triad representation exists in the full theory
[25]. Thus, the triad transformation cannot simply be
implemented at the state level.
It is thus quite likely that loop quantum gravity pro-
vides for parity violating effects especially once fermions
are included, even if the classical fermion interactions
used preserve parity. With the hidden nature of torsion
contributions and parity in the quantum formulation, the
precise form and magnitude of those parity violating ef-
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fects is not easy to discern. But some implications can be
explored either with effective equations (in their canoni-
cal form as described in [26, 27]) which would allow one to
perform some of the steps required in the classical anal-
ysis of parity, or with symmetry reduced models. An
advantage of the latter would be that some models exist
(such as those introduced in [28, 29, 30, 31, 32]) which
do allow a triad representation and thus a more direct
implementation of parity transformations.
V. CONCLUSIONS
We have summarized results of a complete canonical
formulation of gravity non-minimally coupled to fermions
in Ashtekar variables. This includes generalizations of
basic results in the recent and some older literature,
such as the torsion-mediated four-fermion interaction,
and puts them on a firm canonical basis. We have used
this for a demonstration of parity invariance of classical
solutions, which required us to derive all contributions to
the Ashtekar connection explicitly and to write several
new versions of the canonical constraints, with explicit
or implicit torsion contributions. The different forms of
the constraints are needed to understand the parity be-
havior, and they also facilitate comparisons with earlier
derivations and allow crucial cross-checks of the results.
Here, we have noticed that our analysis fills in several
gaps of previously available derivations and generalizes
them to arbitrary non-minimal coupling.
The main purpose of the paper, however, is to pro-
vide a better and more complete foundation for the loop
quantization of gravity coupled to fermions than can be
found in the existing literature. Also this requires knowl-
edge of the details given in the derivation of the canonical
formalism to appreciate which of the established quan-
tization steps of the torsion-free case go through in the
presence of torsion, and where adaptations may be nec-
essary. Overall, we find that the quantization of fermion
fields and their dynamics given by Thiemann and oth-
ers goes through in a well-defined manner. In details,
however, we have clarified several steps where previously
gaps existed, although they were not always realized. For
all values of the non-minimal coupling parameter α there
are new terms in the constraints due to torsion which are
derived here in complete form. We have shown that tor-
sion contributions and terms which arise from using half-
densitized spinors cancel in the connection for the case
where the non-minimal coupling parameter α equals the
Barbero–Immirzi parameter γ. As a consequence, the
presence of fermions does not change the quantization
procedure much in this case, although there are still ad-
ditional terms. For α 6= γ, on the other hand, several
additional adaptations to the usual construction steps of
the Hamiltonian constraint operator are necessary.
While our results do not challenge the previous claims
that all fields necessary for the standard model of particle
physics can be quantized by loop techniques, some of the
details of a specific quantization have to be corrected. As
such Hamiltonians may become relevant for phenomeno-
logical considerations, e.g. in cosmology [33, 34], a precise
understanding of the quantum states and dynamical op-
erators is not only necessary for a complete quantization
but even for potential physical applications. In particu-
lar, we have highlighted the fact that current construc-
tions of loop quantum gravity do not suffice to show that
it exactly preserves parity.
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APPENDIX A: THE SU(2) SPIN CONNECTION
Γia ON Σ
1. Torsion-free spin connection
In the torsion-free case, an explicit expression for the
su(2) valued spin connection Γ˜ia can be derived from
the fact that the covariant derivative of a co-triad van-
ishes: Dae
i
b = ∂ae
j
b − Γcabejc + Γ˜ jai eib = 0. Thus,
Γ˜ jak = −ebk(∂aejb − Γcabejc) and
Γ˜ia =
1
2
ǫijkΓ˜
k
aj = −
1
2
ǫijke
b
j(∂ae
k
b − Γcabekc ) (A1)
where Γcab is the usual torsion-free Levi-Civita connection
for Γ˜ kaj := Γ˜
l
aǫ
k
jl is used. With the definition of the
Levi-Civita connection and qab := e
k
ae
k
b we obtain
ejcΓ
c
ab =
1
2
(
ejdekb∂ae
k
d + 2∂(ae
j
b) + e
djeka∂be
k
d − edjeka∂dekb − edjekb∂deka
)
. (A2)
16
Inserting (A2) into (A1) , we finally obtain the desired expression for the spin connection
Γ˜ia = −
1
2
ǫijkΓ˜
k
aj =
1
2
ǫijke
b
j(∂ae
k
b − Γcabekc ) =
1
2
ǫijkebk(2∂[be
j
a] + e
c
je
l
a∂be
l
c) . (A3)
The following expressions are useful for computing Γia with torsion from the variational equations in the presence
of fermions:
eai Γ˜
i
a = −
1
2
ǫijkebke
a
i ∂ae
j
b =
1
2
√
q
ǫabcejc∂ae
j
b , (A4)
and
δkl ǫ
bcdenc ∂bedn + 2ǫ
bcdekd∂be
l
c = sgn det(e
i
a)(
√
q
2
ǫijkǫijlǫ
mnpeame
b
n∂beap + 2
√
qǫijkeaj e
b
i∂be
l
a)
= sgn det(eia)
√
qǫijk(2eai e
b
l∂[ae
b
b] + e
a
j e
b
i∂be
l
a) . (A5)
Finally, the Gauss constraint DbP
bm = ∂bP
bm + ǫ mij Γ
i
bP
bj = 12(1+γ2)
√
qJm for the densitized triad P ai implies
ΓkbP
bl − ΓlbP bk = −ǫ klm ∂bP bm +
1
2(1 + γ2)
ǫ klm
√
qJm
=
sgndet(eia)
γκ
(−ǫbcdeld∂bekc + ǫbcdekd∂belc)+ 12(1 + γ2) ǫ klm √qJm . (A6)
2. Connection with torsion
Varying the action by connection components, we obtain
δL
δ(−Alc)
=
1 + γ2
2
ǫjlkP
c
j ω
k0
t +
1 + γ2
2
ǫjklP
[c
i N
a](+A
k
a +
−A
k
a) +
1 + γ2
2γκ
ǫacd∂a(edlN)
+
γ2(1 + γ2)κ
2
√
q
N
κ
P a[kP
c
l](
+A
k
a − −Aka) +
N c
4
√
q
(
γ +
1
α
)
Jl − γκN
4
P cl
(
γ +
1
α
)
J0 − γκN
4
ǫjlkP
c
j
(
1− γ
α
)
Jk = 0 ,(A7)
which in the canonical formulation serves as one of the second class constraints. After expressing (A7) in terms of Γia
and Kia first and then contracting with e
m
c , we obtain
1 + γ2
2γκ
ǫmlk
√
q ω k0t −
1 + γ2
2γκ
ǫmkl
√
q NaKka +
1 + γ2
2γκ
√
q eai e
m
c ǫ
i
klN
cKka + sgndet(e
i
a)
1 + γ2
2γκ
ǫbcdemc edl∂bN
+sgndet(eia)
1 + γ2
2γκ
ǫbcdemc N∂bedl −
(1 + γ2)
2γκ
√
q N(eai δ
m
l − eal δmi )Γia = −
βN cemc
4
√
qJl +
Nθ
4
ǫmlk
√
qJk +
βN
4
δml
√
qJ0 .(A8)
Contracting it with δlm and using the Gauss constraint, this equation simplifies considerably to
sgn det(eia)
1 + γ2
2γκ
Nǫbcdelc∂bedl − (1 + γ2)NP ai Γia =
3
4
βN
√
qJ0 . (A9)
Symmetrizing the indices m and l in (A8) and using (A9) for eai Γ
i
a, we obtain the following symmetric combination
of P al and Γ
m
a
γκ(P al Γ
m
a + P
a
mΓ
l
a) = sgndet(e
i
a)(δ
m
l ǫ
bcdenc ∂bedn − ǫbcdemc ∂bedl − ǫbcdecl∂bemd )−
βγκ
2(1 + γ2)
δml
√
qJ0 . (A10)
On the other hand, the second class constraints can be seen to provide an equation 2∂bP
bm+2ǫi
jmP bj Γ
i
b = θ
√
qJm/(1+
γ2), or
γκ(P alΓma − P amΓla) = sgndet(eia)(ǫbcdemd ∂belc + ǫbcdecl∂bemd ) +
θγκ
2(1 + γ2)
ǫ mlj
√
qJj . (A11)
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Combining (A10) and (A11) yields
2γκP alΓka = sgn det(e
i
a)(δ
klǫbcdenc ∂bedn + 2ǫ
bcdekd∂be
l
c) +
γκ
2(1 + γ2)
(
θ ǫ klj
√
qJj − βδkl√qJ0) . (A12)
Next, inserting (A5) into (A12), we find
eclΓ
k
c =
1
2
ǫijkeai (2e
b
l∂[ae
j
b] + e
b
j∂aebl) +
γκ
4(1 + γ2)
(
θ ǫ klj J
j − βδklJ0) , (A13)
and finally (10).
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